ANALYTIC CAMPANATO SPACES AND THEIR COMPOSITIONS 



JIE XIAO AND CHENG YUAN 

ABSTRACT. This paper is devoted to characterizing the analytic Campanato 
spaces ACp.rj (including the analytic Morrey spaces, the analytic John-Nirenberg 
space, and the analytic Lipschitz/Holder spaces) on the complex unit disk D in 
terms of the Mobius mappings and the Littlewood-Paley forms, and consequently 
their compositions with the analytic self-maps of D. 
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1. Introduction 

1.1. Background. In partial differential equations and harmonic analysis over the 
unit circle T of the complex plane C, the Campanato spaces (named after S. Cam- 
panato, cf. EO) £ Pj7? (T) exist as an important family of spaces that are deter- 
mined via certain oscillations on T and hence generalize the John-Nirenberg space 
(named after F. John and L. Nirenberg, cf. [ 10 1) BMO(T) (bounded mean oscilla- 
tion on T) and the Lipschitz spaces (named after R. Lipschitz) or the Holder spaces 
(named after O. Holder) Lip Q (T). 
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To see this picture clearly, referring to lTT8l p. 215] we adapt the following 
definition of the Campanato spaces. For (p — 1, rj) G [0, oo) x [0, oo) denote by 
£ PjJ? := £ Pi7? (T) the (p, r/)-Campanato space of all functions / € L P (T) with 

In the above and below, sup /CT means the supremum taken over all subarcs I of 
T, and 

'C = e it ; 
dC = ie il dt; 
' |/| = (2vr)- 1 /Jdd; 
[/ / = (2^|/|)- 1 / / /(C)|dC|. 

It is easy to get that C p tV is a Banach space with the norm 

ll/llp + ll/IU=(j^l/(Ol p ^) F + ll/IU 

and enjoys the following space monotonicity 

oo > 7], A > 

< oo > p > q > 1 => C PtV C C Q: \. 

>-l)/p>(A-l)/<z 

Moreover, the following table shows the well-known relationship among the above- 
mentioned function spaces (cf. M pp. 65-70] or 00 EJUS El ED): 



Index (p, rj) 


Campanato space £ Pi7? (T) 


T) = 


Lebesgue space L P (T) 


77 e (0,1) 


Morrey space ]J>'^{J) 


r] = 1 


John-Nirenberg space BMO(T) 


7?G (1,1+ p] 


Lipschitz/Holder space Lip^_ 1 )/ p (T) 


Tj € (1 +p, oo) 


Space of constants C 



1.2. Overview. From the point of view of complex analysis in one variable, it is 
very natural to study the analytic extensions 

AC Pt n '■= Cptf fl Analytic Hardy space H p 

of the Campanato spaces on T to the open unit disk D, where / £ .£f p := H P (T) 
if and only if / is analytic in D and has a radial limit in L P (T). Evidently, AC P ^ 
is a Banach space under the norm || • || p + || • || p ^ and has the following structure 
diagram: 
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Index (p, 77) 


Analytic Campanato space «4X p j? 


77 = 


Analytic Hardy space H p 


77 G (0,1) 


Analytic Morrey space AL P,L ~ V 


Tj = 1 


Analytic John-Nirenberg space BMOA 


77 G (1,1+p] 


Analytic Lipschitz/Holder space ALip( r/ _ 1 y p 


77 G (1 +p, 00) 


Space of constants C 







As far as we know, the following papers |fl9l |2T1 122] @] have touched some aspects 
of these analytic Campanato spaces. Needless to say, such an area deserves in the 
highest degree to be developed further. In this paper, we will establish the following 
assertion: 

Theorem 1. For w eB = BL)T/ef2i->- a w (z) = (w — z)(l — wz) -1 be a 
Mobius self -map o/B. 

(i) For 0<77<2<l+p<oo, an analytic function f onH belongs to A£ PtV if 
and only if 



AC P:V ,» ■= sup(l - \w\ 



i-n 



o a„ 



f(w)\\ p < 00 



if and only if 



SUP 1 I T\V 




|/'(rC)| 2 (l-r-)dr> kk 
'/ \Ji-\l\ , 



2tt 



< 00. 



(ii) For 0<77<l+p<oo, l<p<oo and a = (p + 1 — rj)/p, A£ P:V is 
contained in the Block type space 



B a = | / : f is analytic i, 



in B with 



Ba := S up(l-M 2 n/'HI <°o). 
me! J 



In particular, for p = 2 and f G B a , one has 



|2^-2 



dA(z) is in CM^, 



where 



{ fi e (/) = {z G B : (1 - \ z \2)(i+p-v)/p |/'( z )| > e}; 

XnJf) is the characteristic function ofQ e (f); 

dA(z) is the normalized area measure on B; 

CM.^ is the class of all rj-Carleson measures on B. 

(iii) For 0< r],X<2<q<p< 00, an analytic self-map ip o/B, and the analytic 
composition C v f = f o ip, one has: 

||C^/||aC, iAi » ^ ||/IU£p,r),* v / G A£ p! r, 

if and only if 

(1 _ | w |2)(l-A)/ g 

S8(1-| V («,)|2)(i-WpKm^°^II, < °°- 



4 



JIE XIAO AND CHENG YUAN 



(iv) For < 7] < 1 + p < oo, < a,p — 1 < oo, an analytic self-map (p of ID, and 
the analytic composition C<pf = f o ip, one has: 



respectively 
if and only if 

respectively 



\C v f\\ Ba < ll/lUr^ V feAC p , v 



(l- H 2 )<VHI 

SUP ^ pi!-, < oo 

»eD (1 - \ip(w)\ 2 )~^~ 




Notation. As we go along with proving Theorem [T]in ©©SI we will introduce 
the required notation. But here, we only use U < V (or V > U) as U < cV for a 
positive constant c, and moreover write U ~ V for both [7 < V and V < U. □ 



2. Harmonic extensions of Campanato spaces 

2.1. Representation via Mobius transforms. For / € L X (T) and z £ D, let 
-fz(C) = (1 ~~ I Z | 2 )/IC ~~ z | 2 De tne Poisson kernel at z and P/ be the Poisson 
extension of /, that is 

1 C 1 f 2n p iS -A- 7 

pm = - / f(OP z (o idci = r- / »( v^)/^)^- 

As an extension of Theorem 3.2.1 in ED . we have the following Mobius type 
representation of a Campanato space, whence reaching the first part of Theorem Q] 
(i). 

Theorem 2. Let 0<ry<2<l+p<oo. 

(i) For an LP function f, f G £ Pir) j/arcd orc/y 

||/|| P)J?) * := sup f (1 - H 2 ) 1 -" f \f o MO - P/MI* IdCl) " < oo. 

(ii) For an H p function f, f € AC p ^ v if and only if ||/||.A£ „ * < °°- 

Proof, (i) Suppose / E £p,»?- For each nonzero it? G D, let I w be the subarc of T 
with center w/\w\ and length 1 — |iu|; and for w = 0, let = T. Moreover, for 
j = 0, 1, n — 1, let Jj = 2^ I w , where n is the smallest natural number such 
that 2 n |/„,| > 1. Obviously, we may assume J n = T. Under this circumstance, we 
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have that for a given point t«el, 

</ T i/(o-/^r^tdci 

S( / +£/ x ) 1/(c) - flJpl \T^S |dCI 

< (i - i^i 2 )- 1 f /" +|V^7 ) i/(o-//j p idct 

WJo j=0 JJ j+A J j I 

n—1 _ ■ 

~rnf l/(0-//J p |dci + En-^ / l/(0-//J p |dci. 

\ J 0\ J Jo ~q \ J j+l\ JJj+iVj 



Using Holder's inequality and / € C P)fl , we get 
\fjjj r i fjj | 

<^— f i/(C)-//JI<K| 



< 



feL l/(0 -''- r|df ( 



17-1 

^ \Jj + l\ P \\J \\P,T) 
< 2 ( , '- 1 )0' + 1 )/P(l - l^l) 2 ^" 



p,r), 



whence reaching 



\fjj+i fjo\ 

< l/jj+i - /jj M 1- I/ji - /j 1 

< j( l + 2 ^-i)/ P)(1 _| u; | ) 2 ? i 



Accordingly, 
1 



J. J, 

< 



l/(C)-/j l p |dCI 



((l^Tl /j 1/(0 " /jj+l|P |dCI ) + I/Jj+1 " /Jo ') 



< /(1 + 2 ^-D )(1 _ Hr i ii/ii^. 
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Putting the above estimates together, we obtain 

\foa w (C)-Pf(w)\ p |dC| 

« / i/(o-p/Nr^Cidci 

7t IC-H 
< (i - Mr 1 11/11^ E 2 "^ 1 + 2^)). 



Since 0<??<2<l+p, we have \\f\\ PtV ,* < n j n P ,r,- 

Conversely, if ||/|| P ,r;,* < oo, then for any subarc / C T, we take such a w € 
that is the center of / and \w\ = 1 — \I\, to get 



and then 



1 

I7F 



\(-w\<l-\w\ z V (£l 

l/(C)-M p |dCI 

i/(o-p/Hndci 



< (i - m 2 ) 1 -" / m-pfvovi — —hki 



,1 - \w\ 2 



IC-H 



r$ ll/llp,r),*i 



as desired. 

(ii) This follows from (i) and the fact that that Pf = f holds for all / G H p . □ 
Given z G B and 1 < p < oo. Write the Szego projection S of / G L P (T): 

Sf{z) = — / :^df9, 

27r ,/ 1 — ze w 

and / the conjugate operator of /: 

7» = ^/o 7r »(fe)/(^ 

with 

[/(e^)=Hm r _ >1 -/(re ie ), 
then 

if(z) + Pf(z) = 2Sf(z)-Pf(0) 

As a consequence of Theorem |2](i), the following extends the BMO space case 
(see EH p. 272]), and the Lipschitz space case (Privalov's theorem, see |Q~8] p. 
214]). 

Corollary 3. Let 0<r/<2<l+p<oo. The Szego projection S maps L p ^ 
boundedly onto AC p<r] . Equivalently, the conjugate operator is bounded on C PtT] . 
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Proof. For / G C p , n C L p , write the Szego projection of / as S(f) = u + iv, 
where u and v are the real and imaginary parts respectively. Then 

(Sf) o a w = u o a w + iv o a w . 

This means that u is the Poisson extension of /. According to the well known 
result: L p boundedness of S : L p — > H p when 1 < p < oo (see, e.g. Theorem 9.6 
in O), we have 

\\Sf oa w - Sf(w)\\ p < \\u o a w - u(w)\\ p . 

Thus 

(1 - \w\ 2 )^\\Sf o a w - Sf(w)\\ p < (1 - Iw^Wu o a w - u(w)\\ p . 
Note that u\j = f, then Sf G -4X Pjr; . So one gets 

(l-HY^IIwo^-wHIl? 
<(iH^lY~ls/o^-syM||£ 

~ \\f\\p,r],*- 

This completes the proof. □ 

2.2. Littlewood-Paley type characters. For rj G (0, 1] and 1 < p < oo, let 

p' = p/(p — 1) with convention 1' = 1/(1 — 1) = oo. A function a on T is called 
(p 1 , 77) -atom provided that there is a subarc I C T such that 

{supp a C I; 
/ T a(C)|dC| = 0; 
ihiip' < i/r^. 

Also, let T-Lp'^n '■= 'ri p ' ir) (T) be the space of all functions 

00 

g(() = ^j a j(C) m the sense of distribution, 

3=0 

where Xj G C, cij is a (p', r^-atom and J^'jLo l^il < 00 ■ 

The following result is known; see also ll25l Proposition 5] and its references 
including 0. 

Lemma 4. 

(i) If < r] < 1 < p < 00, ?/ze?i £ Pjr) is isomorphic to the dual space ~H*, under 
the pairing 

Jj(0W)^ V (f,g)e£ p , r ,xH p ,, r ,. 

(ii) If r] = 1 < p < 00, then L v ^ = BMO is isomorphic to the dual space 'H% 1 
under the pairing 

JfiOW)^- V (f,g)€BMOxH 00 , 1 . 
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Inspired by [5J [TTl Q4] |6l we have the following equivalent characterization of 
the Campanato-Morrey spaces, thereby arriving at the second part of Theorem Q] 
(i). 



Theorem 5. Let 

r V=(d z + d M ,i(dz-dz)); 
< 1 < p < oo; 

(0,1 + P ). 



(i) For an L p function /, / G £- p ,n if and only if 



sup 

ict 




VP/K)| 2 (1 - r 2 )dr 



2vr 



< oo. 



(ii) For an H p function f, f G AC PtV if and only if ||/||,4£ < oo. 

Proof. It suffices to verify (i). We first prove the "only if part. If / G C P:V , then 
any given subarc I C T is used to decompose / via 



/ = // + (/- fi)x2i + (/ - /j)xt\2/ = h + h + /3, 

where xj is the characteristic function of J C T, 21 C T is the concentric double 
of I. 

In sake of convenience, suppose that Uj = Pfj is the Poisson extension of fj. 
Then, we control |Vuj|. 

For «i, we have Viti = since ui is a constant. 

For U2, we ultilize the Littlewood-Paley estimate for LP to derive 



J t U jVn 2 (rC)| 2 (l-r 2 )drj |dC| 



< 



T V0 

< ll/allj 

< n/ii^r- 



|Vu 2 (rC)r(l-r z )dr |dC| 
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|v^)|^/ t /3(C)(v^ 

\f 3 (e U )\ 



IdCI 



< 



o (l-r) 2 + (0-i) 2 
l/(e lt )-//| 



dt 



-I 
</ 

~ X] ^ ,, c?./' I ri ^ 



T\27 (l-r)2 + ((9-t)2 

|/(e ft ) - // 



-t|>|7| 



■d/ 



i>0 .2J|/|<|e-t|<2J+i|/| (2 J |/|) 5 

(2i\I\) 2 ^ 



i>o 



2i\I\ 



+ ^ 2J 17" 

i>o 1 



~ II./ I ■// 



1^1 J23+1/ 

2-1 _ 



~ II./ I'-i) 



\f(e U )-f 2 ^i\ P dt 

E(^i)^- 1 
l/l—- 1 . 



Clearly, the Holder's inequality has been used in the above estimation. As a further 
result, we get 



/(/-|/| |VU3K)|2(1_r2)dr ) 2|dCt 



< \\f\\ P P , v \I\ V - 




(l-r 2 )dr) |dC| 



/ \Ji-\l\ 



Putting the previous estimates for \Vuj \ together, we obtain 



p,v,* ~ \\f\\p,v < °°- 
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Conversely, suppose H/Hp,^,* < oo. To prove / € C PjV , we are required to 
consider the three cases: 

< 7] < 1; 
< 77 = 1; 

1 < i] < 1 + p. 

The first and second cases are based on a dual-related formula below: 



/ f(()g(()^ = Pf(0)Pg(0)+ [ VPf(z).VPg(z)log^-dA(z). 
Jj ^ Jd \ z \ 



However, the third case follows from a mean value estimate for the harmonic func- 
tions. 

Case 1: < rj < 1. For simplicity, set Pf = F and Pg = G. It suffices to 
handle the convergence of the pair: 



(F,G) := [ VF(z) • VG(z)(l- \z\ 2 )&A(z) V / G C p ^ & {p , rj) — atom g. 
Jo 



To do so, thanks to Lemma 0](i) we may assume that / € C P)V and g is a (j/, 77)- 
atom generated by a subarc J C T with |/[ <C 1. Then, we estimate 



l(^G}|< / / |VF(rC)||VG(rC)|(l-r)dr|dC|« // + // 

iT Jo JJS(2I) J JB\S(2I) 



where 



'S{21) = {z = r(:re[l- 2|/|, 1) & C G 2/}; 
< /Js(2/) = / 2 //i-2|i| |VF(rC)||VG(rC)|(l - r)dr|dC|; 
JW/) = /Jb\S(2/) |VF(rC)||VG(rC)|(l - r)dr|dC|. 
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For JJ S (2i)> we use tne Holder's inequality twice and the L p '-bound of the 
Littlewood-Paley G-function to obtain 



// 

J Js 



< 



< 



^ f (/i- 2m ivm)i 2 (i-r)dr) 5 

£ / — ^rl d CI 

5(2/) J2I (jL m \VG(rO\Hl-r)dr)--> 

I (f |VF(rC)| 2 (l-r)drV|dC| 

J 21 \Jl-2\I\ I 



! (f \VG(r()\ 2 (l-r)dr) ' |dC| 

J2I \Jl-2\I\ J 

p \ 

! (f |VF(rC)| 2 (l-r)dr]|dC| 

J 21 Wl-2|J| / 



\Lv' 



Z\\f\\p,r,,*\I\*\\9\\l* 



For f /jj\5( 2 n' recaiun g that g is a (p', r/)-atom associated to I centered at Co 

e i8 ? we g et 



whence deriving 



VG(z) = [ g(C)V 
s(C)V 



1 - \z\ 2 1 - \z\ 2 \ |dC| 



/,(C)v( 



IC-^I 2 \C0-Z\ 2 J 27T 

1 - \z\ 2 1 - \z\ 2 \ |dC| 



\C~Z\ 2 \( -z\ 2 J 27T 



To proceed, let 



[Co, C] := W) := Co + (C - Co)* e D : t G [0, 1]} 
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be the line segment connecting £ G I and Co £ I- Since |£| = \Qq\ = 1, we can use 
the mean value theorem for derivatives to obtain some to € [0, 1] such that 

'l-\z\ 2 l-\z\ 2 



IC-^I 2 |Co-*| 



1 - \z\ 



d t d z 



\C~z? 

1- \z\ 2 



(*( 



|^) -z|2 

1- |z| 2 
|^(t)-z| 2 



1 - 

IC-Col 



t=to 



ic-c 



• 



t=to 



A direct calculation gives 



Thus 



|#t)-*| 
l-\z\ 2 l-\z\ 2 



l-\z\ 2 



\C~z\ 2 \(o-z\ 



d z [2W(t)m)-z) 



1 - \z\ 2 

m)-z\ 



IC-Col 



t=t 



Noticing 



JV(*) = C-Co; 

\2^'(t)^(t) - z ) = 4>'(t)m) - Z ) + v{t)m) - z), 



we compute 



d z [4>'(t)(4>(t)-z) 



1- \z\ 2 

m)-z\ 4 



4>>(t)m)-z) 



and 



d z [<t>>{t){<t>{t)-z 



m)-z\« 

l-\z\ 2 



(-z|0(t)-z| 2 + 2(0(t)-z)), 



m)-z\ 



<f/(t)(<f>(t)-z) 



whence getting 



(-z|^)-z| 2 + 2(^t)-z)) - 



<P'(t)(l-\z\ 2 ) 
\<j>(t)-z\* ' 



< 



If z € S(2J +1 /) \ S(2* J) (where j = 1, 2, 3, ...) and t G [0, 1], then 

|0(t)-*|>2^|/|>2'|C-Co|, 
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and hence 



\-\zV \-\z\ 



IC-^I 2 |Co-*| 



< 



IC — Col 2 ^ i 



< 



\<j){t) -z\ A ~ 24j|/| 5 



Similarly, we have 



d. 



l-\z\ 2 l-\z\ 



IC-^I 2 |Co-*l 



~ 2 4 i|/| 2 ' 



Hence 



V 



l-UI 2 l-UI 2 



< 



8. 



IC-^I 2 ICo-^l 2 
l-UI 2 l-UI 2 



IC-^I 2 |Co-*| 



+ 



i) 



l-UI 2 l-UI 



IC-^I 2 |Co-*| 



~ 2 4 i|/| 2 ' 



Therefore, we employ ||g|| p ' < |/| p and Holder's inequality to obtain 



1-2 



|VG(^)|< /j |fi^Sf Ci <^j-^ V zeS(V +1 I)\S(2>I). 



2 4 i|/p 



Upon writing 



ff - v / / 1 ~ 2 |/| + v / r 

J Jo\S(2I) J23I Jl~2i+ 1 \I\ J2i+ 1 \2U A-2J+ 1 |/|' 
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we have two types of estimates as follows. The first type is: 

*1-V\I\ 



E 



■ >± J V 1 Jl-2i+ 1 \I\ 



£E / f( T 2J|/ ' |VFK)! 2 (l-Odr): 
rr? J 23 1 V Ji-H+mi\ 



V 7l-2J+i|7| 
-1-2* |J| 

x ' 

'1-2J+ 1 !/! 



/■1-2»'|/| i\ 

( / |VG(rC)| 2 (l-r)dr)M|dC| 

Jl-2J+ 1 |/| / 



1-2>'|J| * £ 



< V \VF(rC\\ 2 



|VF(rC)| 2 (l-r)dr |dC| 



/ ( / 1_2J|7 ' |VGK)| 2 (l-r)drV |cK 



-2J+ 1 !/! 



< ii/ii r ,„. e i^i* ( /„, ( - o*) * w 



j > 1 W237 \7l-2J+l|7| 



<n/iu*i/i' +( ' 2, E 2W+1) ' M / / a-'H ' dc " 

W2J/ \J1-2J + 1 |/| 

< ii/iu*i/i"- 2 E 2 °' +1) " 4j (y +1 \m 3+1 \i\y'f 

i>i 

<ii/iu,i/i^ 2+1 ^E 2 °' +1) " 4 ^ +1+ ^ 
<ii/iu*E 2J( ^~ 2) 



i>i 



^ II./ ii/).// *• 



In the above we have used the Holder's inequality twice, the estimate for |VG| 
S{2i +l I) \ 5(2*7) and the assumption < rj < 1. 
The second type is: 

e/ r ^ii/iu*E 2, ' (a ^" 2) . 

^ J2i+ 1 \2U Jl-V+ 1 \I\ 

which may be verfied in a way similar to the first type. As a result, we have 



// 



n\s(2i) 



^5 \\J Hp,??,*) 
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whence reaching 

\(F,G)\ <||/|U*. 

This in turn implies / € C p . v - 

Case 2; 7] = 1. Regarding this situation, we apply (oo, l)-atoms (due to Lemma 
@](ii)) to the previous discussion, and then obtain 

\(F,G)\<\\f\\ Ptltir , 

which yields / £ BMO. 

Case 3: 1 < 77 < 1 + p. Suppose ||/||pn* < 00 and set u = Pf. For a given 
z = re ie £ D, let S(I) be the Carleson box with \I\ = (1 - \z\) and e ie be the 
center of /. Then 

I'll/ll^,* > J i [Jl z \Vu(re* 9 )\ 2 (l - r)dr) 1 d(9. 

Since u is harmonic in D, Vu is harmonic overthere as well. Consequently, there 
exists some number p > such that -6(2, 1 ~J 2 ^ ) C S(I), where B(z, ) is the 

1 — I z 

open disk with center z and radius 1 . This implies the following mean value 
inequality: 

(1 - \z\)\Vu(z)\ < (1 - |z|)- 2 f \Vu(w)\(l - \w\)dA(w). 

So, it follows from the Holder's inequality that 

(i-|*|)|v«(*)| 

<(l-|z|)- 2 / \Vu(w)\(l-\w\)dA(w) 



S(I) 



< 



1 1 

1 \ 2 / r \ \ 2 



(l-\z\)- 2 J \J \Vu(re M )\ 2 (l - \r\)dr\ I J (l-r)drl d9 



(i-kl 



~ TJf ^/ \Vu(re id )\ 2 (l - |r|)dr) § d^ " |if~* 

<(i-NI)^||/IU*. 

This means that 

(l-|z|)^ +1 |V^)l<ll/IU, 

and thus 

/ G Lip 

under 1 < 77 < 1 + p. 
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□ 



3. Analytic Campanato spaces in Bloch type spaces 

3.1. Generalized Carleson measures. For 7] > 0, we write CM.^ for the class of 
all ^-Carleson measures on B. Recall that a nonnegative Borel measure n on D is 
called an ^-Carleson measure provided 

m\\cM v = SUP inn < 00 

where 

5(7) = {z = re* 9 € B : 1 - |J| < r < 1 & e i9 € /} 

is the Carleson square based on a subarc I C T. 
For a, 6 > we define an integral operator T Qi b as 

T a , b f(z) = / \ LLL / ^ dA u; V z € B. 

Below is a re-statement of Lemma 3.1.2 in ||2T1 . 

Lemma 6. Le? € (0, 2), a > 2 -^ 2 , 6 > f be Lebesgue measurable on B. 

If \f(z)\ 2 (l-\z\ 2 ^dA(z) belongs to CM V , then \T a ^ b f(z)\ 2 (l-\z\ 2 )^ +2a ~ 2 dA(z) 
also belongs to CA4 V . 

3.2. Distance estimates. Importantly, Theorem |5](ii) and the mean value inequal- 
ity for the subharmonic functions (see also the treatment for Case 3: 1 < rj < 1 +p 
in the proof of Theorem |5]l are employed to derive the following optimal inclusion: 

< < 1 + p & 1 < p < oo => A£ PlV C B( p+ i_ v y p . 

This embedding, along with the P. Jone's distance estimation from the Bloch func- 
tions to BMOA (cf. ||8] [23] EQ), suggests us to consider the distance of an 
B(v+i-r))/p function / to AC PjV . Such a distance is defined by 

dist B(p+1 _ n)/p ( f,A£ p , v ) = s6 irrf ||/ - 9\\b {p+1 _ v)/p V / € 

Motivated by Theorem 3.1.3 in lf2TTl . we get the following characterization of 
the above-defined distance, approaching the second part of Theorem [T](ii). 

Theorem 7. Fore > 0, rj G (0, 2) and f € B^_ n y2> ^ et 

n £ (f) = {z € B : (1 - k| 2 ) (3 -" )/2 |/'( Z )| > £}. 

di8tB (s _„ )/a (/, ACa,,,) = inf {e > : ^M0^-dA(z) is in CM n ). 
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Proof. For / € B(3-n) 12 an d z € D, one has the following representation formula 
(see, for example, ffi (1.1)] or [21 , p. 55]): 

/(z> = /(0) + ° I ^r5wF UW = : AW + 

where 

7lM = /(0) + C j n , (/) '^a' dAM; 

,M»)-c^ w (1 ^^ar' dA( M ) ; 

with C being a constant depending only on rj. Then 



B(3-77)/2 



|l-^|2+(3- J7 )/2 ^ l_| w |2 y 



So, if 

(xn E(/ )W) 2 (i-ki 2 r 2 d^) 

is in CA4 V , Lemma [6] (with a = (3 — r})/2 and 6 = 2) implies that 

|/{(z)| 2 (l-|z| 2 )dvl(z) 
belongs to CM.^. This means /i G .A/^- Meanwhile, we have 

IJ5WI < e / D |i - « i | M '»«M < (1 _ k ,; )(3 _„^ 

This gives 

dist!3 i3 „ v)/2 (f,A£2, v ) < mf{e > : xn e (f){z)(l - |z| 2 )"- 2 cU(z) e 

In order to prove that the last inequality is actually an equality, we may assume 
that eo equals the right-hand quantity of the last inequality and 

dist S C3 _^ )/2 (/, AjCqm) < ^o- 
It is enough to consider the case e$ > 0. Under £o > there exists an e\ such that 

< E\ < s & dist B(3 _ v)/2 (f,A£,2,ri) < £l- 
Hence, by definition, we can find a function g € ACi,i) such that 

ll/-0llB( 3 -,)/a < £ 1- 
Now for any e € (ei, eo) we have that 

Xn ei f)(z)(l-\z\y- 2 dA(z) 
is not in CM V . But, ||/ - g\\B i3 _ v)/3 < £\ yields 

(1 - \z\ 2 )( 3 - ,r iy 2 \g'(z)\ > (1 - \z\ 2 Y 3 -^ 2 \f'(z)\ -£i Vz € D, 

and so 

Xn e (/)(*) <Xn £ _ ei ( 9 )W V zeB. 
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This implies that 

Xn e ^ g) (z)(l-\z\ 2 T- 2 dA(z) 
does not belong to CM. V . However, 



Xn e _ ei(fl )(*)(l-I*r) r ] -'dA(z) 

(1 _ \ z \2) 

< Xn E . £1 ( 9 )(z) ^ _ ^ 2)3 _ v dA(z) 

<(e- £l )- 2 | 5 '(z)| 2 (l-|z| 2 )dA(z). 
Since g € A£2, v means that 

\g'(z)\ 2 (l-\z\ 2 )dA(z) 

is in CAirj, and consequently 

Xn^ li9 )(z)(l-\z\ 2 r~ 2 dA(z) 
is in CM V . Now, a contradiction occurs. Thus we must have 

dists C 3_^ )/s (/,^ 2 ,„) = £o 
as required. □ 
Remark 8. 

(i) Theorem^7\characterizes the closure of AL2^ in the B^~r])/2 norm. That is, for 
f € S(3_ r? )/2» / is in the closure of A£2,r) in the B^_ v y 2 norm if and only if for 
every e > 0, 



/ (i - \z\y~ 2 dA( Z ) < \i\« 

Jn F (f)ns(i) 



holds for any Carleson square S(I) C ID. 

(ii) The proof of Theorem^7\depends on an important fact that f £ AL^^ if and 
only if |/'(z)| 2 (l — |z| 2 )d^4(z) is a member of CA4 rj . Given 1 < p < oo, if 
we define the analytic function space CA PtT] to be the space of all H p functions 
satisfying 

ii/iil^ = m/'wra - \A 2 r l dA{z)\\ CMn < <*>, 

then CA2,r) = AC2,rj- This CA PtV is closely related to AC P ^. It can also be proved 
that CAp^ C B\+r\—T))/p- ^n a future article, we will characterize the distance of 
a function in Bi+n-^/p to CA P)V under < rj < 1 + p and 1 < p < oo. 
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4. Compositions for analytic Campanato spaces 

4.1. Actions between analytic Campanato spaces. In what follows, for < r < 
1 and an analytic self-map ip of D let 

Z^Lp- 1 {w} 

where log + x = maxjlog x, 0}, and then set 

N(ip,w) = lim NJip, w) V uj£B 

r— >1 

be the Nevanlinna counting function of (p. The importance of such a counting 
function in the study of compositions on H p comes from the following lemma (cf. 
M P- 2336]). 

Lemma 9. Let (p be an analytic self-map ofD and f € H p with p £ [1, oo). Then 

\\f°<p\\ p P = \mow+T I \fwr 2 \fH\ 2 mv^)dA(w). 

In particular, 

u/ii£ = i/(°)r+T / \fHr 2 \f'H\ 2 iog^-dA( W ). 

2 Jb M 
This is used to establish two precise estimates for \\<p\\ p extending [11, (2.8)]. 

Lemma 10. Let p € [1, oo). Ifip is an analytic self-map ofO with <f(0) = 0, then 
(i) 

P~ 2 \M P P < [ N(<p,w)dA(w) < 2p~ 1 |M|£. 
Jn 

(ii) 

N(<p,z) < r^rrlMipogir V zeB\~B. 

log 2 y \z\ 2 

Proof, (i) Using Lemma [9] and the monotonicity of the function r i-> N(<p, re 10 ), 
we get 

IP = t- [ |,„|P-2; 



p_ 

2vr 
p_ 
2tt 



f\\ P p = ^ / \wr 2 N(<p,w)dA(w) 

2 f 2n fl 

= — / r p ~ 2 N(ip,re l9 )rdrd9 

27 T JO JO 

( / iV(^,re ie )dr p )d0 
o Wo ' 

27T / r 1 i \ 

( / iV(^,rpe ie )dr)d6' 
o v Jo ' 

> — f ( f N(cp,re ie )rdr)de 
2?r Jo v Jo y 

= £ / i\T( V ,«;)dA(«;). 
^ .In 
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Similarly, we have 

2 /-27T fl 



Ml£<f-/ I r p - 2 N(ip,re ie )drd9 



o Jo 



2 f'2'K rl 

-~j (/ N{(p,re ie )rdr^d6 
= p 2 N((p,w)dA(w). 



(ii) Given w € D \ {0}. Using (i) and the submean value property of N(ip, •), 
we get 

U - \ w \) J\z-V}\<l-\v)\ PK 1 ~ \ w \) 

Consequently, 

g 

NJip,w) < N(<p,w) < -\\tpE for \w\ = l/2. 

p v 

Note that the well-known Littlewood's inequality ensures that N r (ip, w) approaches 
zero uniformly as \w\ — > 1. Note also that N r (tp,w) is subharmonic. So it is 
bounded above by the harmonic function on the annulus {u>GB:l/2<|tt;|<i} 
having these boundary values. Hence, 

8 1 

N(ip,w) = lim NJip, w) < — II^Elog: — r for 1/2 < \w\ < 1. 

r->l plogZ ' \w\ 

□ 

As the generalization of an H 2 composition result in ifTTTl . the following im- 
proves the well-known sub-ordination principle for H p with p > 2. 

Theorem 11. Let 2 < p < oo. Then 

\\f 0( p\\p ^ ll/UMI? 

holds for all f £ H p and analytic self-maps <p of D with /(0) = </?(0) = 0. 
Proof. According to Lemma |9j we have 



\\f°<PW P P = ^ ( \f{w)r 2 \f'{w)\ 2 N(^w)dA{w)=: I + 
Using the Cauchy integral formula and Holder's inequality, we get 

|/(*)| + (l-W)|/ , WI<||/||p(l-k|)-* V z€B. 
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Thus by Lemma [lOl(i) and p > 2, we find 



^ / \fwr 2 \n™)\ 2 N^. t r)dA(<c) 



IB 2 Ji 



<\\m I N^,w)(l-\w\)~P- 2 dA(w) 



< 



\\f\\P N(<p,w)dA(w) 



< M p P \\h p P 



Meanwhile, Lemma [TOlii) implies 

<\W P [ \f(w)r 2 \f'(w)\ 2 log-^dA(w) 



\f(w)r 2 \f'(w)\ 2 N(^w)dA(w) 



<IMP/II£- 



Now, the above estimates are put together to derive the desired inequality. □ 

We have the following assertion which covers Theorem [T| (in) and implies that 
AC P ^ embeds into AL q \ under p > q > 2 and (1 — \)p > (1 — i])q. 

Theorem 12. Let 0<r],X<2<q<p<oo and tp be an analytic self-map of 
D. Then 

\\C v f\U q ^ < \\f\U p , v „ V feAC p , v 
when and only when 

(1 _ | w |2)(l-A)/ g 



sup 



(I-WPIH/P 1 ^^ ^!^ 00 ' 



Proof. If / € A£ p , v and 2 < q < p, then an application of Theorem [TT] plus 
Holder's inequality, derives 

W C M)W V A , « sup(l - H 2 ) 1 -^/ o V oa w - f(<p(w))\\ 9 q 

sup(l - \w\ 2 ) 1 ' x \\(f o a^ w) - f{ip{w))) o {a v ( w) o ip o a w )\\ q q 

|Iiy| 2 ^- A ll f nrr , , - f ( ,n(,nW\\1\\rr , , n < n n rr _ \\1 



< sup(l - \w\ ) ||/ o a v ( w) - /(<K™))llpll°V>(«0 ° ^ ° ^n? 



< 



(1 - l^l 2 ) 1 ^ 



S(i-|^HI 2 )^-^ Kw °^°^ ll?ll/l1 ^ 



and hence the forward implication holds. 

To verify the backward implication, for i,zeD let fb(z) = jz^- Then 
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If 



then 



supa-i^i 2 ) 1 -" f | /fe (o-/ b Hrl^£|dci 



sup(l - lu-l 2 ) 1 "" f 



wen 
ps sup 

ps sup 



sup 



6(C - «;) 



(i-6C)(i-H 



^l d Cl 



i6ini - 




ii - 


bw\P 


mi - 






bw\P 


\b\P(l - 





C — w 



1 — \w\ 



1-bC 

W - <T W (C) 



IC-H 



IC-H 

IdCl 



we0 |1-6«;|p jt 
\b\ p (l - \w\ 2 ) p+1 - r > 
S \l-bw\ 2 P 



1 - ba w (0 
l-\w\ 2 



IdCl 



1 — bw — w( + 6C 



IdCl 



1 



l-a- b (w)( 



IdCl 



|b|P(l - H2)P+l-»? 



|6|p(1 - |^| 2 ) 2 -^ 



sup 



we ^\l-bw\ 2 (l-\b\ 2 )P- 



P + T) — 1 



F 6 (z) = (1 - |6| 2 )^^/(1 - bz) V zeB, 



fclU£ -~3 |1-M 2 ~ ' 



and hence Fj, is a bounded function in A£ p>ri with a bound being independent of b. 
Now, let 



\\C<pf\\Ac qiXit < ||/||ac Mi . V / e .ACp,,,. 
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Then for r := (p + 77 — l)/p one has 

1 > II r? \\q 

1 ;C \\ r b\\ A c p ,r,.* 



sup (1 - h 2 ) 1_a / |*& v ° ^ - ^H)l 9 |dCI 

sup (1 - M 2 ) 1 ^ / \F b o V - F b ((p(w))\ 9 \a' w (C)\ |dC| 

ft,toGlD> JT 



sup (1 - |w| 2 ) 1_A 



2\T 



sup 

b.w&D 



£ sup 



|&| g (i- H 2 ) 1-A (i- H 2 ) 

|1 - b(p(w)\i 

|v?H|«(i - \w\ 2 ) l ~ x 



(1 - MO) (1 - hp{w)) 

<P(C) ~ <p(w) 



\2\rq 



(1 - MO) 



T~r)~ / kvH °H K(OI l d C 



kUOIIdCI 



kUOIIdCI 



(i-I^HI 2 )^) ./ 
^ I^Mini-H 2 ) 1 -" ,, 

SUP Ti 1 ? M2Wl-r) KW y g t» g, 

weD (1 - \<p{w)\ 2 )i^ T > 
and hence the desired implication follows. 



□ 



4.2. Actions between analytic Campanato and Bloch type spaces. The previ- 
ous discussion leads to a consideration of the actions of C„ sending AC p „ to B a 
and its converse. To do so, we need the following existence result. 

Lemma 13. For < a < 00, there are two functions /1, fa in B a such that 

(l-|z| 2 ) 2a (|/((z)| 2 + |/^(z)| 2 )«l V 2 GB. 

Proof. This follows immediately from the inequalities (2.2) and (2.4) in the argu- 
ment for [20, Theorem 2.1.1]. □ 



Below is an alternative to Theorem [T](iv). 

Theorem 14. Let < 7/ < 1 + p < 00, < a,p — 1 <oo and ip be an analytic 

self -map of D. 

(i) 

(ii) 



(1 - H 2 )°VH| 



sup p+1 _„ 
«,GD (1 _ |y?(u>)| 2 ) * 



< OO. 



ll^/IUw ^ ll/lk v /gs c 
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if and only if 



i 



/ct \ A / 27r 

Proof, (i) The growth of functions in AC P)r , presented in the beginning of Section 
[3] derives that if / G AC PtV then 



sup (1 - \w\ 2 ) a \(C v f)\w)\ < \\f\\ACp, n ,* SU P P+ i-v 



,2 ' a \\y<pJJ \ W J\ ^ \\J \\AC P , n ,* 

wen (i _ \ip( w )\ 2 ) v 



and hence the sufficiency of (i) is true. The necessity of (i) just follows from a 
simple calculation with a given point wgB and the test function in AC PtV below: 

/™0) = =^=^ V z G B. 

1 — ^(luj-z 

(ii) The sufficiency can be checked by using the definition of B a and Theorem [5] 
(ii). Concerning the necessity, we utilize those two B a functions f\, f2 in Lemma 
[13] and the elementary estimate 

U p/2 + V p/2 ^ (U + V) p/2 V U,V>0 

to get that if 

\\C v f\\Ac p ,^<\\f\\B a V feB a 

then 

oo>||/i||L + ll/r l|P 



^ II^/iIIaCp,^* + W C fh\\AC PlV ,, 
1 



> |/P j i ( 7 ^)'«)| 2 (l - Odr)" |dC| 



1 » £ 



+ \I\- V jf ( ^ ^ |(/2 o ^)'K)| 2 (l - r) dr) 5 |dC| 
>I'P / ( r (|(/io^)'K)| 2 + |(/20^(rC)| 2 )(l-r)dr) f |dC| 



> jij^ l^«)| 2 (l " O 1 - 2 ^ 2 |dC| 
holds any subarc JCT. This implies the desired inequality. □ 
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